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8.NS Approximating pi

Alignments to Content Standards:  8.NS.A

Task

a. Different cultures through history have used many different rational numbers to

approximate . For each of the historical approximations below, use a calculator to

determine approximately how far the fraction is from :

i.  

ii.  

iii.  

iv. 

b. The fraction with denominator 1 which is closest to  is . For each of the

following whole numbers, find the fraction with this denominator which is closest to :

i. 3

ii. 10

iii. 20

iv. 100

v. 113

vi. 10000

π

π

22

7

25

8

( )9785

5568
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355
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c. Look for patterns in the data you've collected thus far.  What effect does increasing

the denominator have on the accuracy of the best approximation?

IM Commentary

The goal of this task is to explore some important aspects of approximating an

irrational number with rational numbers. The irrational number chosen here is 

because it is one of the most interesting, well known, and grade appropriate irrational

numbers. The fact that finite decimal representations are approximations by fractions,

whose denominators are powers of , is emphasized by parts ii, iv and vi of the

second part of the task.

There is a rich and interesting history of finding approximations of . Many details,

including the historical approximations in the first part of the question, can be found at

the Wikipedia page for .

Some of the work done before calculators is truly astounding: Daniel Ferguson found

620 digits of  in 1946 without the aid of a calculator. Earlier, in 1873, a British

mathematician named Shanks calculated 707 digits but after the 528th place, the

calculations were incorrect! For this task, students are highly encouraged to use a

calculator. In doing so, it is important to realize that the  button on a calculator only

gives a (very good) approximation of , not an exact value.

The theory of approximating irrational numbers with rational numbers is a rich and old

one. The fact that  can be extremely well approximated by rational numbers whose

denominators are not that large is closely related to the fact that it is an irrational

number. It was not known until the second half of the 19th century that  is an

irrational number and there is still no elementary proof of this fact today. Many of the

historical estimates for the size of  came from inscribing polygons inside a circle (or

circumscribing a polygon around a circle) and then calculating the perimeter of those

polygons: this technique, appropriate for high school geometry, is explored

in https://www.illustrativemathematics.org/content-standards/tasks/1567.

The task can be extended by having students compare the errors of the

approximations with sizes of unit fractions. Particularly good approximations have a

small ratio of error to the size of unit fraction. Some such approximations are given by

continued fraction convergents, which include the Archimedean and Chinese

approximations. Continued fractions have not been part of popular mathematics
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N-RN, 8-NS Calculating the

square root of 2

Alignments to Content Standards:  8.NS.A N-RN.B

Task

Jessica evaluates  on her calculator which shows a value of

She then writes

a. Is Jessica correct? Explain.

b. Explain, in terms of the structure of the expression , why it can not be

equal to .

c. Use the reasoning of part (b) to explain why  can not be equal to any terminating

decimal.

IM Commentary

It is important in many situations to understand the level of accuracy of a calculator.

Calculators round answers off so that they can display the best approximation possible

on the screen. In the case of , an irrational number, it is impossible to display its full

decimal expansion as this is infinite and non-repeating. The calculator displays the

closest seven (or eight or nine) digit decimal number to .

2‾√

1.4142136.

= 1.4142136.2‾√

(1.4142136)
2
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8.EE Ants versus humans

Alignments to Content Standards:  8.EE.A.4 8.EE.A.1

Task

The average mass of an adult human is about 65 kilograms while the average mass of

an ant is approximately  grams. The total human population in the world is

approximately 6.84 billion, and it is estimated there are currently about 10,000 trillion

ants alive.1

 

Based on these values, how does the total the total mass of all living ants compare to

the total mass of all living humans?

 

1: Holldobler, B., E. Wilson, Journey to the Ants: A Story of Scientific Exploration (London,

England: The Belknap Press of Harvard University, 1994).

 

IM Commentary

This task requires students to work with very large and small values expressed both in

scientific notation and in decimal notation (standard form). In addition, students need

to convert units of mass. The solution below converts the mass of humans into grams;

however, we could just as easily converted the mass of ants into kilograms. Students

are unable to go directly to a calculator without taking into account all of the

4 × 10
−3
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8.EE Ant and Elephant

Alignments to Content Standards:  8.EE.A.3

Task

An ant has a mass of approximately  grams and an elephant has a mass of

approximately 8 metric tons.

a. How many ants does it take to have the same mass as an elephant?

b. An ant is  cm long. If you put all these ants from your answer to part (a) in a line

(front to back), how long would the line be? Find two cities in the United States that are

a similar distance apart to illustrate this length.

Note: 1 kg = 1000 grams, 1 metric ton = 1000 kg, 1m = 100 cm, 1km = 1000 m

IM Commentary

In this problem students are comparing a very small quantity with a very large quantity

using the metric system. The metric system is especially convenient when comparing

measurements using scientific notations since different units within the system are

related by powers of ten.

Edit this solution

Solution

a. First we observe that the mass of the ant is in grams, where the mass of the

elephant is in metric tons. We cannot compare the two masses as is, so we first convert

4 × 10
−3

10
−1
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8.EE Coupon versus discount

Alignments to Content Standards:  8.EE.C.7

Task

You have a coupon worth $18 off the purchase of a scientific calculator. At the same

time the calculator is offered with a discount of 15%, but no further discounts may be

applied. For what tag price on the calculator do you pay the same amount for each

discount?

IM Commentary

This task involves solving equations with rational coefficients, and requires students to

use the distributive law ("combine like terms"). The equation also provides

opportunities for students to observe structure in the equation to find a quicker

solution, as in the second solution presented.

A somewhat less directed version of this question might simply ask students which

discount they'd prefer.  After their intuition or calculations show that the answer

depends on the price, a further probe asking them to delineate how it depends on the

price would lead them to set up and solve the same equation.

Solutions

Edit this solution

Solution: Coupon versus discountSolution: Coupon versus discount

If  is the tag price in dollars then  is the price using the coupon while  isp p − 18 0.85p
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8.EE Summer Swimming

Alignments to Content Standards:  8.EE.C.8.c

Task

The local swim center is making a special offer. They usually charge $7 per day to swim

at the pool. This month swimmers can pay an enrollment fee of $30 and then the daily

pass will only be $4 per day.

a. Suppose you do not take the special offer. Write an equation that represents the

amount of money you would spend based on how many days you go to the pool if the

passes were bought at full price.

b. Write a second equation that represents the amount of money you would spend if

you decided to take the special offer.

c. Graph your two equations from part (a) and (b).

d. After how many days of visiting the pool will the special offer be a better deal? How

can you tell algebraically? How can you see this graphically?

e. You only have $60 to spend for the summer on visiting this pool. Which offer would

you take? Explain.

IM Commentary

The purpose of this task is for students to represent relationships between quantities

in a context with equations and interpret the resulting system of equations in the

context. This task has a wide array of uses: it could be an introductory task to systems

of equations or used in assessment. The task initially has the students write out

different equations for two different scenarios. Then the students can consider the two

1
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8.F Introducing Functions

Alignments to Content Standards:  8.F.A 8.F.A.1

Task

a. For each situation below, fill in the missing information in the tables.

i. A parking meter takes only dimes and each dime is worth 6 minutes on the

meter.

Number of Dimes Minutes of Parking

2  

3  

7  

Minutes of Parking Number of Dimes

0  

12  

54  

ii. Each point on the graph below shows how many shots a player on a basketball

team took and made in the first half of a game.

    

1
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Shots Attempted Shots Made

2  

4  

7  

Shots Made Shots Attempted

1  

4  

6  

iii. Below is a graph showing how far Marika jogged each day in a week:

    

2
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Day of Week Miles Jogged

Monday  

Friday  

Sunday  

Miles Jogged Day of Week

1  

3  

5  

b. What, if any, difficulties did you encounter filling out these tables? Explain. 

IM Commentary

The goal of this task is to motivate the definition of a function by carefully analyzing

some different relationships. In some of these relationships, one quantity can be

determined in terms of the other while in others this is not possible. In this way,

students are led to see what is special about a function, namely that to each input

there corresponds one and only one output. The statement of the task is ambiguous

for examples (ii) and (iii). There are at least two valid approaches open to students:
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6.EE,NS,RP; 8.EE,F Pennies to

heaven

Alignments to Content Standards:  6.EE.B.6 6.NS.B.3 6.RP.A.3 8.EE.A.3

8.EE.A.4 8.F.A.1

Task

A penny is about  of an inch thick.

a. In 2011 there were approximately 5 billion pennies minted. If all of these pennies

were placed in a single stack, how many miles high would that stack be?

b. In the past 100 years, nearly 500 billion pennies have been minted. If all of these

pennies were placed in a single stack, how many miles high would that stack be?

c. The distance from the moon to the earth is about 239,000 miles. How many pennies

would need to be in a stack in order to reach the moon?

IM Commentary

This task can be made more hands-on by asking the students to determine about how

many pennies are needed to make a stack one inch high. In addition, for part (b)

students could be invited to research this question. Useful information which would

need to be compiled to get total mintage figures can be found at Annual mintage of

Lincoln pennies. From 1909 through 2009 the total number of pennies minted is

455,627,740,918 according to Total mintage of Lincoln pennies.

The goal of this task is to give students a context to investigate large numbers and

measurements. Students need to fluently convert units with very large numbers in

1

16
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8.F US Garbage, Version 1

Alignments to Content Standards:  8.F.A.1

Task

The following table shows the amount of garbage that was produced in the US each

year between 2002 and 2010 (as reported by the EPA).

 (years) 2002 2003 2004 2005 2006 2007 2008 2009 2010

 (million tons) 239 242 249 254 251 255 251 244 250

Let's define a function which assigns to an input  (a year between 2002 and 2010) the

total amount of garbage, , produced in that year (in million tons). To find these

values, you can look them up in the table.

a. How much garbage was produced in 2004?

b. In which year did the US produce 251 million tons of garbage?

c. Does the table describe a linear function?

d. Draw a graph that shows this data.

IM Commentary

Standard 8.F.1 states that students should "understand that a function is a rule that

assigns to each input exactly one output." Often students think that a function has to

be defined by an algebraic rule and that working with functions consists of plugging

t

G

t

G
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8.F Introduction to Linear

Functions

Alignments to Content Standards:  8.F.A.3

Task

a. Decide which of the following points are on the graph of the function :

.

Find 3 more points on the graph of the function.

b. Find several points that are on the graph of the function .

Plot the points in the coordinate plane. Is this a linear function?

Support your conclusion.

c. Graph both functions and list as many differences between the two functions as you

can.

IM Commentary

This task lets students explore the differences between linear and non-linear functions.

By contrasting the two, it reinforces properties of linear functions.

The task lends itself to an extended discussion comparing the differences that students

have found and relating them back to the equation and the graph of the two functions.

The teacher can use the opportunity to draw triangles representing the horizontal and

vertical change between points on the graph to illustrate the constant slope of the line

y = 2x + 1

(0, 1), (2, 5), ( , 2), (2, −1), (−1, −1), (0.5, 1)
1

2

y = 2 + 1x
2

1
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8.F Bike Race

Alignments to Content Standards:  8.F.B.5

Task

Antonio and Juan are in a 4-mile bike race. The graph below shows the distance of each

racer (in miles) as a function of time (in minutes).

a. Who wins the race? How do you know?

b. Imagine you were watching the race and had to announce it over the radio, write a

little story describing the race.

IM Commentary

The purpose of this task is for students to interpret two distance-time graphs in terms

of the context of a bicycle race. There are two major mathematical aspects to this:

1
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8.G Partitioning a hexagon

Alignments to Content Standards:  8.G.A

Task

a. Find a way to partition a regular hexagon into 2 congruent figures. Explain how you

know the 2 figures are congruent.

b. Find many ways to partition a regular hexagon into 2 congruent figures.

c. Find a way to partition a regular hexagon into 4 congruent figures. Explain how you

know the 4 figures are congruent.

d. Find a way to partition a regular hexagon into 8 congruent figures. Explain how you

know the 8 figures are congruent.

Bonus 1: Find a different way to partition a regular hexagon into 8 congruent figures.

Bonus 2: Find a different way to partition a regular hexagon into 4 congruent figures.

Bonus 3: Find yet another way to partition a regular hexagon into 8 congruent figures.

IM Commentary

The purpose of this task is for students to find a way to decompose a regular hexagon

into congruent figures. This is meant as an instructional task that gives students some

practice working with transformations. Parts (a) and (b) show that for a figure with 2-

fold rotational symmetry, there are many easy ways to decompose it into 2 congruent

pieces. However, it is more challenging to decompose the hexagon into 4 and 8 pieces,

respectively, because we can't use the rotational symmetry of the figure to do it. For

1

Illustrative 
Mathematics

Adrian Hernandez




8.G Circle Sandwich

Alignments to Content Standards:  8.G.B.7 8.G.A.2

Task

A square is inscribed in a circle which is inscribed in a square as shown below. Note

that the vertices of the inner square meet the midpoints of the outer square's sides.

Consider the area of the region left by removing the interior of the small square from

the interior of the big square. Is the area of the blue region more or less than  of that?

IM Commentary

The purpose of this task is to apply knowledge about triangles, circles, and squares in

order to calculate and compare two different areas. This can be done in several ways:

the solutions below use definition of congruence, the Pythagorean Theorem, and

symmetry considerations. The symmetry argument requires auxiliary lines (the two

diagonals of the inner square) while the Pythagorean Theorem can be applied to the

1

2
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8.G.A.3 Effects of Dilations on

Length, Area, and Angles

Alignments to Content Standards:  8.G.A.3

Task

Consider triangle . 

a. Draw a dilation of  with:

i. Center  and scale factor 2.

ABC

ABC

A

1
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ii. Center  and scale factor 3. 

iii. Center  and scale factor .

b. For each dilation, answer the following questions:

 

i. By what factor do the base and height of the triangle change? Explain.

ii. By what factor does the area of the triangle change? Explain.

iii. How do the angles of the scaled triangle compare to the original? Explain.

IM Commentary

The purpose of this task is for students to study the impact of dilations on different

measurements: segment lengths, area, and angle measure. When a triangle is dilated

by scale factor , the base and height change by the scale factor  while the area

changes by a factor of : as seen in the examples presented here, this is true

regardless of the center of dilation. While they scale distances between points, dilations

do not change angles. While  and  coordinates have not been given to the vertices of

the triangle, the coordinate grid serves the same purpose for the given centers of

dilation.

Transformations affect all points in the plane, not just the particular figures we choose

to analyze when working with transformations. All lengths of line segments in the

plane are scaled by the same factor when we apply a dilation. Students can use a

variety of tools with this task including colored pencils, highlighters, graph paper,

rulers, protractors, and/or transparencies. Task 1681 would be a good follow up to this

task, especially if students have access to dynamic geometry software, where they can

see that this is true for arbitrary triangles.

Edit this solution

Solution

a. The three dilations are shown below along with explanations for the pictures:

B

C
1

2

s > 0 s

s
2

x y

2
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